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Abstract-We adopt a statistical mechanical approach toward the
optics of textured and inhomogeneous optical sheets. As a general
rule, the local light intensity in such a medium will tend to be 2 n 2 ( x )
times greater than the externally incident light intensity, where n ( x ) is
the local index of refraction in the sheet. This enhancement can contribute toward a 4 n 2 (x) increase in the effective absorption of indirectgap semiconductors like crystalline silicon.

I. INTRODUCTION
N THE PAST DECADE, there have been a number of suggestions for the use of light trapping by total internalreflec- Fig. 1. An inhomogeneous and textured optical sheet with positiondependent index of refraction n ( x ) immersed in black-body radiation.
tionto increase the effective absorption in the indirect-gap
semiconductor, crystallinesilicon,
The original suggestions
[l], [2] were motivatedbytheprospectof
increasing the incident rays. Also, wewill show that the geometrical details
response speed of silicon photodiodes while maintaining high
of the silicon shape are relatively unimportant. Whether the
quantum efficiency in the near-infrared.
silicon is simply roughened on one side [ l ] , [2] orwhether
Subsequently, it was suggested [3] that light trappingwould precisely angled grooves are etched into the surface [ 3 ] , [4],
have important benefits for solar cells as well. High efficiency the overriding tendency will be for an enhancement factor of
could be maintained while reducing the thickness of semicon- 4 n2 provided only that the surface is sufficiently strongly texductor material required. Additionally, the constraints on the
tured. Finally, we will show that in an inhomogeneous sheet,
quality of the silicon could berelaxed since the diffusion for examplea composite,theenhancement will be given by
length of minority carriers could be reduced proportionate t o the same formula employing the local index of refraction n(x).
the degree of intensity enhancement. With such important adTwo distinct derivations will be presented in the following
vantages, interestin this approach has continued,but prog- two sections. In Section 11, we will give a derivation based on
ress inthis fieldhas beenhindered because there was no statistical mechanics. Such an approach is very powerful and
method available to calculate the degree of enhancement to be it can be generalized to situations where geometrical optics is
expected.
inapplicable (though we will not attempt such a generalization
For example, St. John
[ l ] mentions that total internal re- in this paper). In Section 111, a geometrical optics derivation
flection will result in two or more passes of the light rays with will be presented. Its simplicity will permit us to better recogOn theotherhand,
a proportionateintensityenhancement.
nize some of the prerequisites and limitations of this type of
Redfield [3] regards the number of light passes, or degree of intensity enhancement. Finally, in Section IV,
we will show
enhancement, as an adjustable parameter whichcould vary how these considerations are modified in the presence of abanywhere between 1 and 100 and he plots the collection
ef- sorption. Two specific solar cell structures will be mathematficiency as a function of this parameter.In calculating the ically analyzed.
ideal efficiency of silicon solar cells, Loferski et al. [4] seemed
to imply that perfect light trapping might be possible, which
corresponds to an infinite degree of enhancement.
11. STATISTICAL MECHANICAL DERIVATION
It is the purpose of thispaper to show that the degree of
Consider aninhomogeneousoptical
slab withpositionintensity enhancement ‘to be expecteddue to total internal
dependent index of refraction n(x) as illustrated in Fig. 1. Let
reflection is 2 n2 whichfor silicon is =25. In other words, the index of refraction varysufficiently slowly inspace, so
a light ray in silicon may be expected to make 25 passes on that adensity of electromagnetic modes may be defined, at
average before escaping. With a proper angular average of the least locally inside the sheet.
longer path length of oblique rays, the “effective” absorption
Now place the optical medium into a region of space which
enhancement factor is 4 Y Z ~over the case of single pass normally
is filled with black-body radiation in a frequency band dm at
a temperature T. When the electromagnetic radiation inside
Manuscript received May 25, 1981; revised September 28, 1981.
the
medium approaches equilibrium with the external blackThe authors are with the Corporate Research-Science Laboratories,
body radiation, the electromagnetic energy density [5] is
Exxon Research and Engineering Co., Linden, NJ 07036.
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(b)
Fig. 2. Two optical sheets with qualitatively different surface textures.
(a)Angular
randomizationandintensityenhancementdooccur.
(b) In a plane-parallel slab, there is no angular randomization and no
intensity enhancement.
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upon entering the medium,
will lose all memory of the externalincident angle afterthefirst,or
at mostthe second,
scattering from a surface. In other words, all correlation with
the external angle will be lost almost immediately upon refraction or total internal reflection, especially when averaged over
the illuminated surface of the sheet. If this condition is satisfied, then a collimated incident beam of intensity Iextwill produce, inside the optical sheet,a random angular distribution of
light, no matter which direction the beam happens to be coming from. Therefore, acollimatedbeam, when subdivided so
that it illuminates the optical medium equally from all directions produces identical internallight distributions under those
respective conditions. The condition of isotropic illumination
is, however,equivalent tothat of black-body illumination.
Therefore, (3) remains valid whether the external field is isotropic as in the black-bodycase or whether itis collimated.
l i n t (a,
X) = n2 (a,
X) Iext (0).

(4)

Equation (4) will be corrected for certain surface transmission factors in Section111, but it is a key formula in thispaper.
It rests on the assumption that all correlation of the internal
ha
dnk2 dk
rays with the external angle of incidence is lost almost imU=
mediately upon entering the medium and/or upon
averaging
exp {hw/kT}- 1 (2@ '
over the illuminated surface. Even optical sheets with ordered
This is the standard Planck formula for black-body radiation surface textures will show the type of randomization we are
in a vacuum, but as Landau and Lifshitz show [SI , it can be discussing here. The reasons are as follows:
adapted to any optical medium by making k = nw/c. In addia) If light randomization does not occur upon the entering
tion,the energy densitymay bechanged to an intensity I refraction, it can occur on the first internal reflection.
(power per unit area), by multiplying (1) by the group velocity
b) If not on thefirst reflection, then on the second.
ug = dw/dk. Making both changes in (1) we obtain
c) If not then, it can still be the result of a spatial average
over the illuminated surface area.
d) If not even then, it can still result from angular averaging
due to motion of the source, like the sun moving through the
sky.
This differs from the vacuum black-body intensity simply by
Inother words, there is a rather overwhelming tendency
the factor n 2 . Therefore, the intensity of light in a medium
toward randomization in the angular distribution of light and
which is in equilibrium with external black-body (bb) radiatoward the validity of (4), but itis not always satisfied.
tion is n2 times greater
Consider the simpleplane-parallel slab shown in Fig. 2(b).
Clearly, there is nointensityenhancement in that case.' To
distinguish between the class of geometries for which (4) is
This factorcomesabout
simply duetothefactthatthe
valid and the class of geometries in which it is invalid is a probdensity of states in such a medium is proportional t o n2 and lem in ergodic theory and in measure theory. We will not atthe equipartition theorem guarantees equal occupation of the
tempt inthis paper to distinguish between these two classes
states, internal as well as external.
mathematically in the measure theory sense. Instead, we will
Now let us decide whether or to what degree the situation assume that the statistical approach is valid except in those
changes when an arbitrary external radiation field replaces the few geometries where a cursory inspection shows that randomblack-body radiation. Since we are consideringa transparent izationcannot occur underany of the circumstanceslisted
medium, inelastic events such as absorption and reemission at earlier, a) to d). Equation (4) will be valid providedany of
another frequency are not permitted. Therefore, each spectral those prerequisites, a) to d), is satisfied.
componentmaybe consideredindividually.
Inthis circumNow consider the situation shown in Fig. 3. In that geomstance, departure of the external
field fromanexact black- etry, the light is confined to a half space by the presence of a
bodyfrequencydistribution
will notaffect (3), which will white reflective plane. In effect, the light intensity external to
remain valid separately at each frequencyw .
the optical sheet has been doubled by virtue of reflection from
A much more serious question, which will be the main focus the white surface. The total intensity enhancement will then
of this paper, is: What happens when the external radiation
be given by
field departsfromtheisotropicdistribution
of black-body
'Anothersituationin
which (4) is not valid is anopticallythick
radiation? This situation is illustrated in Fig. 2(a), where the turbid
sheetilluminatedfromonlyone
side. In thiscase,angular
external light is shown to be collimated. If the surface of the averaging is no problem, but spatial averaging will be incomplete. The
opticalsheet is quite irregular in shape, then the
light rays, side of the sheet away from the sourceof illumination will be dark.
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cident intensity Iinc is unidirectional, Therefore
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Bint cos 8 sin 0 de

Iint = 2nBint.

White Surface

Fig. 3. A white reflectivesurfaceeffectivelydoubles
the external intensity and increases the enhancement factorto 2 n’.

Only a small fraction of this power per unit area will escape,
since the loss cone solid angle is much Less than 47~steradians.
The intensity whichescapes is
e
Iint
Iesc= 27-r
- Tesc(8)COS 0 sin 0 dB
(6)
2n
where n sin Oc = 1 and 0 is the internal angle of incidence. If
for
we substitute a weighted average transmission factor
the angle-dependent surface transmission factor Te, (e), then
the integral in (6) may be easily computed

\

zc

-

If we now apply the principle of “Detailed Balancing,” the entering intensity is made equal to the escaping intensity

Fig. 4. Thebalancebetweenincomingandoutgointradiationdetermines the internal intensitylint.

Iint(a, X) = 2 n’ (w,

X)

Iinc (a)

(5)

where Iinc(w) i s the incidentlight intensity.
One of the key implicit assumptions that we have not emphasized earlier is that there be no absorption, either within
the volume or on the surface of the medium. Optical absorption effects will be treated in Section IV.
The main conclusion of this section is that a statistical mechanical approach results in the intensity enhancement given
in (5). The factor 2 n2 can be quite substantial; i.e., approximately 25 for silicon andapproximately15forTiOz.
Even
conventional glass with an index of 1.5 has an enhancement
factor equal to 4.5. In view of the importance of this result,
wegive an alternative derivation based on geometrical optics
in the next section.

111. GEOMETRICAL
OPTICSDERIVATION
Our approach is based on “Detailed Balancing” of the light
which is incident on a small area element dA, and the light in
the loss cone which escapes from it. Consider the geometry
shown in Fig. 4. Let Iinc be the incident radiation power per
area element dA.A
fraction Tint(@) of thislight will be
transmittedthroughthe
incoming interface, where @ is the
angle of incidence.This
must bebalanced bytheinternal
radiation which escapes. Let us assume that the internal radiation is isotropic due to therandomizing influence of refraction
and reflection from the textured interfaces as discussed in the
previoussection. Let Bint betheinternalintensity
per unit
internal solid angle. The internal intensity Iint on both sides
of an area element dA is given by

Iint

=hint

cos 0 df2

where cos 8 is the reduction of intensity on the area element
due to oblique incidence. In this paper we will follow the convection that internal intensity Iint is bidirectional while the in-

Therefore

1

esc

As (7) shows, the enhancement may beincreased beyond
2 n’ if Tint(@), the transmission factor into the medium, is
greater than
the average transmission factor out of the
medium. Of course, time-reversal invarianceguarantees that
Tinc(@)
= T,, (e). If the incident radiation is isotropic then
-the ratio Tinc/Tesc= 1 would appear in (7), ensuring that the
enhancement factor is 2 n2 as it must be for black-body radiation.For collimated radiation,anadditional small enhancement Tinc(@)/% is possible, but this comes at the expense of
angularselectivity.This
is fully consistent with the ordinary
“Brightness Theorem” of geometrical optics [ 6 ] ,which states
that intensity increases must come at the expense of angular
selectivity. Because of the tendencies toward angular averagwill be
ing describedin Section 11, thefactor T i n c ( @ ) / G
approximated as unityand,formost
purposes, (7) can be
rewritten

z,

Iint = 2 n’

x Ii,, .

(8)
It is interesting that (8) itself could also have been derived
directly from the “Brightness Theorem” [6] by taking note of
the fact that the brightness defined in a medium differs from
that in a vacuum simply by the factor n’ .
The intensity increases discussed thus far in thispaper do
not necessarily translate directly intoabsorption enhancements. This will be the subject of the following section.

IV. ABSORPTIONENHANCEMENT
Two types of absorption can modify the results we have presentedthusfar;
volume absorption in thetexturedoptical
sheet and surface absorption. In general, both types may be
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expected to be present. For example, in a semiconductor solar
cell material, there would be absorption in the semiconductor
itself and also at the surfaces due t o absorption in the “transparent” electrodes, and due to imperfect reflectors at the rear
surface. In this section, we will model the intensity-enhancement effects allowing forabsorption.First
we will set up a
general method. Then we will model two specific geometries
that might be of interest for solar cells.
The approach we will follow is t o balance the input of light
from external sources with the loss of light from the optical
medium by absorption and refraction through theescape cone.
The light input is AincIinc Tin,, where Ainc is the surface area
on which light is incident and the other symbolshave the same
meaning as before. To estimate the loss of light, we will proceed along the samelines as inSection 111. We will assume
that the light internal to the medium is isotropic due to the
randomizing influence of refraction and reflection. There will
be three contributions tolight which is lost:
1) Light will escape through the escape cone at the rate
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SILICON WAFER

Fig. 5. The integrating sphere was used to determine the light absorbed
in the silicon wafer. A comparison is made between the reflectivity
of a wafer with a rough ground rear surface (as shown)
and with a
polished rear surface.
In the former case, there was some light lost
out the edges of the silicon wafer as well as by absorption.

enhance volume absorption. Using (1 1) the volume absorption
may be written
2alAincIint

-

TincIinc 2alAinc
C(Aesc/Ainc) (T,,,/2n2)+(77/2)(Areft/Ainc)+2al}‘

The fraction of the incoming light which is absorbed in the
volume is
where A,,, is the surfacearea from whichlightcan
escape,
which is not necessarily equal to Ah,, and the other symbols
have the same meaning as before.
2) Light may be absorbed due to imperfect reflection from
the boundaries

JO

where q is the fractional absorption due to imperfect reflection at the boundaries and Arefl is the surface area of imperfect reflection.
3) Finally, there may be absorption within the bulk

2alAincIint
AincIinc

This reduces simply to the transmission factor Tin, of the incoming light in the limit of very high absorption coefficient a.
A corresponding expression maybewrittenforthetotal
fractionabsorbed, including absorptiondue to imperfect reflection at thesurfaces
2al + (QD) (ArefllAinc)
ftot =
(Aesc/Ainc>

where d V is a volume element in the bulk, a is the absorption
coefficient, and ( 9 ) may be regarded as a definition of the effective thickness 1. This will be approximately the mean thickness ofthesheet.Equation
( 9 ) implicitly assumes thatthe
bulkabsorption
is sufficiently weak that Iintis uniform
throughout the volume.
Equating the light gained to the light lost

Regarding
written
Iint =

Iintas

theunknown,the

expression maybe

re-

TincIinc
C(Aesc/Ainc) (T,,,/2n2) + ( ~ / 2(A,efl/Ainc)
)

-+ 2al}

(1 1)
Although (1 1) is much more complex than (7) and (8), there
are many realistic situations where the simpler expressions are
adequate approximations.
One of the main questions we have in this paper is the extent to which the effects we have been discussing will act to

(T,,,/2n2> + (1712) (Arefl/Ainc)

Tin,.
+ 2011

(13)
The absorption enhancement in(12) and (13) is of direct
interest for weakly absorbing indirect-gap semiconductors like
crystalline silicon. As (12) shows, volume absorption can be
very substantial even when aZ is only 1/4n2 which is 1/50 for
silicon. Theabsorptionenhancementfactor
is twice the intensityenhancementfactor
due to angle averaging effects.
The use of these formulas is best illustrated by some specific
examples.
Consider the reflectivity of a silicon wafer as measured on
an integrating sphere, whichis shown in Fig. 5 . For these measurements, awhite reflective medium was placed behind the
wafer. The front surface of the wafer was polished. The main
idea is to compare the overall reflectivity when the rear surface is either ground rough or polished smooth. The comparison is made in Fig. 6. With both surfaces polished, we have a
plane parallel plate, the situation described in Fig. 2(b) where
angular randomization within the silicon does not occur. The
light simply makes a round trip in the wafer.
On the other hand, if the rear surface of the silicon is ground
rough, internal angular randomization doesoccur.
We may
apply (12) and (13) to this situation. The Fresnel transmission
of the silicon front surface Ti,, is about 0.68. The areas A,,,
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Fig. 7. A composite sheet consisting of silicon grains in a glass matrix.
The theory in the text shows that even the light which falls between
the grains will tend to be absorbed ultimately by the silicon.
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-
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-

2, and those pertaining to the glass by subscript 3. Let us also
assume thatthe whitebacking layer is perfectly reflective.
The energy balance for the glass may be written

-

A23T23r2

t A I 3 T l 3 I 1=

2(n2

(-

-

t -A) 2I 33 T 2 3

2

(14)

where the first expression on the left-hand side is the light
escaping from the silicon into the glass and the second expresI .35p
1.2~
1.05~
0.90~
0.75~
sion is the incident light. On the right-hand side are the two
Fig. 6. The reflectivity of a silicon wafer whose rear surface
is either terms describing the escape of light into the air and into the
groundroughorsmoothly
polished. Smooth linesareexperiment.
silicon, respectively. A similar energy balance may be written
The dashed lines are theory. The theory for the rough ground surface
is (13) in the text. The theory for the smooth polished surface
as- for the silicon
sumes simple round-trip absorption.

and Ainc are the same and. equal to the front surface area, The
rear surface was covered with MgC03 an almost perfect white
reflector, which is frequently used as a reference of whiteness.
In the geometry of Fig. 5, the edges of the silicon wafer are
actuallyexternal to the integratingsphere.
Some of the internally trapped light, therefore, escapes across the cylindrical
surface defined by the periphery of the round opening in the
integrating sphere. This cylindrical surface in the silicon can be
regarded as an imperfect reflector of area A,fl = 2 n d where r
is the radius of the opening in the integrating sphere. Therefore
Arefl/Ainc= 2nrllnr2 = 211r.
The parameters in this experiment
were r = 1 cm and 1 =
0.025cm.Thequantity
77 which represents thedeparture
fromunit reflectivity at this edge is difficult to estimate a
priori, since it depends on the details of the roughness. The
value 77 = 0.82 describes well the wavelength-independent
backscattered light in Fig. 6 in the transparent region between
1.2 and 1.35 pm. With these values forparametersandthe
known wavelength-dependent [7] absorptioncoefficient, a
fairly good fit is obtained between (1 - ftot) from (13) and
experimentthroughthe
band-edge transition wavelengths
(dashed and smooth lines, respectively, in Fig. 6).
The geometry described in Figs. 5 and 6 is a very favorable
one for solar cells and was first described [ 11, 121 some time
ago. Fig. 6 shows clearly the shift of the effective absorption
edge toward the infrared for the light-trapping
case.
Anothergeometrywhichhas
received someinterest [8],
consists of grains of silicon embedded in a glass sheet as shown
in Fig. 7. It has already been recognized that the light which
falls in the glass between the grains is not wasted. It tends to
be trapped and eventually find its way into the silicon grains.
We may analyze that situation in a similar way as previously.
Let us denote the quantitiespertaining to the incident light by
the subscript 1, those pertaining to the silicon by the subscript

"'I3 + A l 2T1211
2

Here there is an additional term due to absorption and 2 representsa typicalabsorption thickness of the silicon grain.
Equations (14) and (15)
shouldbe regarded as two simultaI2 and 13. A specific
neous equations in the two unknowns
numerical solution would be helpful in estimating the extent
to which light falling between the grains tends to be wasted.
For this purpose, let us assume that the area of the sheet occupied by the silicon grains A12 equals the area A13 filled in
by the glass. For numerical simplicity, let us assume also that
A23 is also the same area. For the indices of refraction take
n2 = 3.53inthe
silicon and n3 = 1.5 in the glass. Forthe
transmission factor F.23 ofthe glass-silicon interface,take
thenormal
incidenceFresnelreflectivity,
1 - (n2 - 1 ? 3 ) ~ /
(nz t n3)' = 0.84.Let us assume there is anantireflection
coating for the incident
rays into the silicon so that T12
0.96 which is the same as the transmission coefficient into the
glass. With these values of parameters, the simultaneous equations (14) and (15) can be solved

I2 =

0.8316
t 0.0319) 0.96r1

(d

where0.9611 is thetransmittedincidentintensity,andthe
quantity in parentheses is a type of enhancement factor. The
important implications of (16)become apparent only uponexamination of its various limits. Consider, for example, the situationinthe
region of wavelengths withinthe bandgap of
silicon where 01 = 0. Then
I2

=

0.8316 X 0.96
I1
0.03 19

which just happens t o be 2511 = 2 nz I l . This, of course, must
be according to the considerations of Section11.
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The most important parameter
we areinterested in is the
absorption in the silicon. This may be expressed as
2dIZ =

1.6632 a1
X 0.9611
0.03 19-k a1

when normalized to thearea of the silicon grains.
In the limit of very small at1 the enhancement factor is 2 4
as before. In the limit
of large al, i.e., in the visible wavelength range for silicon
lim 2a11, = 1.6632 X 0.9611,
a+-
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underestimate the absorption in that instance,
since they assumerandomization;buttheabsorptionmay
be complete
before randomization setsin.
In this paper, we have shown the utility of a statistical mechanical approachtowardtheoptics
of texturedandinhomogeneous sheets.This
work was mainlymotivatedbyits
applicability toward solar cells and other types of solar collectors. The basic enhancementfactorforintensity
of 2 n 2
becomes 4n2 for bulk absorption and n2 for surface absorption, due to angle averaging effects. It is because many semiconductorstendto
have large indices of refraction n, that
these effects are particularly important in those materials.

According to (1S), the power absorbed by the
silicon exceeds
thepower actually falling on the silicon bya factor 1.6632
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